We investigate reactions of coherent scattering off heavy nuclei with production of two particles in the final state. We obtain the form factors for direct production of the final state caused by the chiral anomaly, and for processes in presence of intermediate particles, the unstable particles that can decay inside the nucleus and quasi-virtual particles. The latter refers to intermediate particles which would be virtual if the scattering occurred on a point nucleus. We consider cases of scattering both in the Coulomb and in the strong field of the nucleus. This work is stimulated by an experimental study of the chiral anomaly in a beam of charged kaons in the OKA facility.
Introduction
Reactions of coherent production off nuclei provide an important information about the behavior of hadronic systems in the nuclear environment and simultaneously on the hadron interactions, which are difficult or impossible to study in other way. In particular, they provide a unique opportunity to measure vertices with anomalous parity of the type πππγ and KKπγ, predicted by the effective Wess-Zumino-Witten action [1, 2] . These vertices are not available for study in the decay reactions, and their measurement is obstructed by large backgrounds in the proton-target experiments. However, in the coherent scattering of charged pions or kaons off nuclei with large atomic numbers these vertices may become available owing to the factor Z 2 , where Z is the nuclear charge.
More specifically, we mean reactions of coherent production of K ± π 0 or π ± π 0 off heavy nuclei in the beams of K ± or π ± . At sufficiently high energies and low momentum transfer the Coulomb contributions in the mentioned reactions are dominant and can be separated from competing strong contributions [3] . The most favorable transfer is the twice its minimum value, when Coulomb contributions reach maximum. In turn, among the Coulomb-type contributions the role of anomalous ones increases with decreasing invariant masses of π ± π 0 and K ± π 0 . So the most favorable domain of experimental determination of the anomalous vertices is concentrated in Figure 1 : Coherent production of K + π 0 in the Coulomb field of nucleus: direct production owing to the chiral anomaly (a), via K * + in the s-channel (b), via ρ, ω, φ in the t-channel (c) and K * + in the u-channel (d). The same diagrams describe similar processes due to strong field of the nucleus with replacement of photons by reggeons in the t-channel.
the region of small enough transfers and small invariant masses of meson systems in the final state [4] .
However, in reality the measurements [5, 6] are carried out with going significantly out of the required domain, with exceeding in the transfer t by 2 orders of magnitude. As a result, background contributions arising because of strong interactions and Coulomb contributions not caused by the anomaly, become significant. Fig.1 represents corresponding diagrams in the case of kaon beam [7, 8, 9] . Preliminary estimates [8, 9] show that background contributions Fig.1b ,c,d are comparable in the measurement region with the anomaly contribution, Fig.1a . Unfortunately, ambiguities in the definition of the form factors prevent more accurate definition of all the contributions. Point is that the data for processing were collected in the transfer region that overlaps the geometric size of the nucleus in configuration space. In particular, data [5] were collected at |t| ≤ 0.02 (GeV/c) 2 which corresponds to distances 1.4 fm and larger with the nucleus radius 2.5-4.2 fm for various targets. Data [6] were collected at |t| ≤ 0.025 (GeV/c) 2 which means 1.2 fm and above with the nucleus radius 4.4 fm for Cu target. In both cases a significant part of the inside of the nucleus falls into the measured region. This should have significant effect on scattering in the strong field of the nucleus, and should affect the Coulomb interaction since significant part of the nuclear surface, where Coulomb forces reach maximum, falls into the interaction region. The way to account for these effects is well understood in the case of real stable particles and described in Glauber multiple-scattering theory [10, 11, 12] . However, how to describe the effect in the presence of unstable particles that can decay inside the nucleus and especially in the presence of virtual particles, is still not known. Accordingly, a method of determining the form factors in these cases is not known, too.
In this paper we solve this problem. In the case of direct pair-production the solution is rather simple and basically follows the studies that extend Glauber theory to the scattering of composite systems off nuclei [13, 14] . In the case of real unstable particles the solution is based on the superposition principle applied to a system comprising a quasi-stable particle and its decay products. Simultaneously a probability of the transition of the former state to the latter one is introduced. In the case of virtual particles we use the field-theoretical analysis of coherent scattering of a fast particle off a nonrelativistic "soft" system composed of many constituets [15] .
We carry out our analysis in a fairly general form, but in the case of anomalous contributions we turn to the case of K + A → K + π 0 A. Anyway we reduce our general formulas to the case of this reaction. Currently, this reaction is investigated in the experiment OKA (IHEP, Protvino) at 18 GeV K + [16] . Theoretical studies in the context of the mentioned experiment have been carried out in [7, 8, 9] . Unfortunately, the details of interaction of the incident particle with the nucleus have not been taken into account. This was manifested in the fact that when calculating the contributions of diagrams Fig.1a ,b,c,d the presence of the nucleus was taken into account trough the unified Gaussian form factor. However, the structure of the forms factors is much more complex and depends on the particular process. In the present paper, we define this structure individually for each of the diagrams in Fig.1a ,b,c,d.
In the next section, we give a brief description of the basic method of our study. The form factor for direct production of a pair of particles is given in section 3. In section 4 we define the form factor in the case of production of unstable particles, and in section 5 we define the form factor in the presence of virtual particles. In the final section, we discuss the results.
Basic approximation
The main means for the analysis of collisions of fast particles with nuclei followed by elastic or quasi-elastic scattering at small angles is provided by Glauber multiplescattering theory. This theory is based on the assumptions that nucleons of the nucleus are "frozen" during the time of passage of the fast particle, and the impact of each of the nucleons on the incident particle does not depend on the impact of other nucleons. The first condition means that the nucleus can be characterized by the positions of the constituent nucleons, determined by the wave function. The second condition means additivity of the eikonal phase of the scattered particle.
In this approach the amplitude of the coherent production of particle a * in the beam of a off a nucleus consisting of A nucleons is determined as follows: 1
Here q = (q, q z ) is the momentum transferred to the nucleus, q is a two-dimensional vector in the impact-parameter plane, axis z is oriented along the direction of motion of the projectile, q z = (m 2 a * − m 2 a )/(2k) where m a * and m a are the masses of a * and a, respectively, with k is the momentum of a in the lab frame. The Ψ is the wave function of the nucleus, r j = (b j , z j ) are the coordinates of "frozen" nucleons counting from the center of mass of the nucleus (we neglect the effect of the c.m. motion). The f a→a * n ( r− r n ) is the amplitude in the coordinate space of the conversion a → a * on the n-th nucleon, averaged over its isotopic spin and spin (effectively on a spinless nucleon) with r = (b, z) is a point where the conversion a → a * occurs. The profile functions of elastic scattering before and after the conversion are defined in the standard way:
where f a(a * ) j are the eikonal amplitudes of elastic scattering off j-th nuclon. All amplitudes are defined in the lab frame and normalized by dσ/dΩ = |F | 2 .
Formula (1) is greatly simplified if we neglect the nucleon correlations and assume that all nucleons are described by the same wave functions. In this case
where ρ( r n ) is the distribution density of a single nucleon,
By virtue of (3) and neglecting contributions of order 1/A, we can collect products in (1) to the exponent with the following result for the amplitude of the coherent process:
Here E a,a * (b, z) is the attenuation function arising due to elastic scatterings in the strong fields of nucleons before and after the conversion a → a * ,
The χ C (b) in (5) is the Coulomb phase arising in the case of charged incident particle. It is determined by the same-type expression under the exponent in (6), but with summation over protons and with the Coulomb profile functions. In the case of a positively charged particle and a spherical nucleus it is [17] 
Here Z is a number of protons in the nucleus, T (b) is the nuclear thickness function,
The µ under the logarithm in (7) is a dimensional parameter. Its value does not affect the dependence of χ C on b, and only defines the additive constant part of the phase which is irrelevant. So, we can put µ = k. Expression (6) for the attenuation function is simplified if we take into account the short-range nature of strong interactions,
Here
and we used the optical theorem
In the case of conversion a → a * due to Coulomb field, summation in (5) goes only over the charged protons. So in this case the amplitude is
where f a→a * c is the amplitude of inelastic Coulomb scattering on the proton. In the case of inelastic scattering due to strong interactions, it is convenient to express the amplitude in terms of profile function for elementary inelastic process. Omitting standard calculations, where the short-range property of strong interactions is again used, we arrive at
Recall that q = (q, q z ), r = (b, z). The profile function γ a→a * s (b) is expressed through the inelastic elementary scattering amplitude in the same way as (2).
Form factors for direct pair-production
Based on (12) and (13) one can make a detailed definition of the amplitudes of various processes. In the original work [12] the inelastic process was considered with the change of spin of incident particle, of the type K ± A → K * ± A, in the approximation of stable K * . It was also assumed that the process is accompanied by exchanges in the t-channel with quantum numbers of vector particle. In this case the elementary amplitude of inelastic scattering is proportional to the transverse component of the transfer, and may be written as
Here u is a vector in the impact-parameter plane. Function φ( q 2 ) is proportional to 1/ q 2 in the case of Coulomb forces and takes finite value at q 2 → 0 in the case of strong interactions. Given this behavior, [12] obtained the amplitudes for Coulomb and strong coherent production. In this section we determine the analogous formulas in the case of direct production of K + π 0 due to the chiral anomaly, cf. Fig.1a , and due to strong interactions. The formulas obtained will be valid for any process aA → acA with charged a and neutral c if the direct conversion a → ac in the Coulomb field is possible due to the chiral anomaly. We start with the attenuation function. At first, we notice that at high energies and small invariant mass of the Kπ the relative angle of scattering of these particles is very small in the lab frame. As a result, during the passage of nucleus they do not have time to spread out over long distance in the impact-parameter plane. In particular, at 18 GeV incident K + and invariant mass of K + π 0 of the order of the nominal mass of K * both mesons have time to spread out at the distance of order 1% of the nucleus radius. This is much smaller than the radius of nuclear forces. Therefore the K + π 0 inside the nucleus can be considered as a pair of unconnected particles moving in parallel with a common impact parameter. The attenuation function of this system is formed from the products (1) . Furthermore, in the approximation of factorized nuclear density (3) and neglecting contributions of order 1/A, we can collect the product of factors (15) into the exponent, with the attenuation function
Here we also neglect the dependence of the cross sections on the particle momenta.
In the case of spherically symmetric nucleus, (16) can be written as
Simultaneously the Coulomb phase is determined by (7) . The elementary averaged amplitude of Coulomb inelastic scattering off proton with direct conversion
Here dots indicate the additional kinematic variables besides q, and c is a vector in the impact-parameter plane. Calculating Fourier of (18) with respect to q and substituting the result into (12), we get
In this formula r = √ b 2 + z 2 , and ρ(r) is the distribution density of a single nucleon. Having calculated the angular integral, we arrive at the final result
where Φ K + , K + π 0 c is a Coulomb form factor, 2
In the case of direct transition K + → K + π 0 due to strong interactions, the elementary amplitude includes two contributions, with normal and abnormal parity of vertices. Accordingly, we have
In this formula, like in (18), the dots mean additional kinematic variables besides, and h is a vector in the impact-parameter plane. If scattering occurred at low energies, then φ n s would imply exchanges by η and η ′ with vertices in the meson sector of the type KKπP (and in lesser extent, exchanges by isoscalar axial mesons with positive charge parity, etc.). Simultaneously, φ a s would imply exchanges by vector mesons ω, φ with anomalous vertex KKπV . At high energies the contributions in the t-channel are reggeized and φ n s , φ a s become [18, 19] φ n s ( q 2 , . . . ) = i=η,η ′ ,...
where α i and β n,a i are the Regge trajectories and vertex functions, s and s 0 are the Mandelstam variable and a scale parameter.
Substituting (22) with taking into account (2) in (13) , and considering that the strong interaction range is much smaller than the nuclear radius, we obtain
By calculating angular integrals, we arrive at
2 It is worth noticing that similar formula (3.4) in [12] for a single particle production contains inaccuracies: factor π is lost, and the contribution of imaginary part of exp(iq z z) is ignored.
Here
Noting that the negative sign in (28) is compensated by the negative sign of ∂ρ(b, z)/∂b.
Unstable particles
When discussing in section 2 the coherent process with conversion a → a * , we proceeded, following [12] , from the assumption of stability a * . Actually this is justified if a * is produced near the nominal mass and its decay length far exceeds the size of the nucleus. In this section we discuss how the description must be modified if a * is produced near the mass shell but when passing the nucleus can decay by a * → bc channel.
Since the decay is spontaneous, the probability of the decay can be associated with the length of the path. Namely, the probability that particle a * being produced at point z reaches z ′ , is determined as
Here l = k/(m a * Γ a * ) is the decay length of particle a * with momentum k in the lab frame. 3 For simplicity, we consider the case when the decay channel a * → bc is unique. Then the probability of occurrence of bc in the point z ′ is defined as
Recall that at high energies the system bc inside the nucleus can be considered as a pair of unconnected particles moving in parallel with the common impact parameter. At the level of the probability amplitude a system that undergoes production and decay is described as a superposition of two states. In our case one of them is the quasi-stable state a * and another is the orthogonal state of the decay products bc, and both states are taken with weights √ w a and √ w bc , respectively. The amplitude of elastic scattering of such a system is the sum of the amplitudes of elastic scattering of each its part, and their contribution to the resulting amplitude must be taken with the weights w a and w bc (because the amplitude is a quadratic form with respect to the state vectors). Accordingly, γ a * (b−b ′ ) in (6) should be replaced by
In the case of charged particles this construction with the Coulomb profile functions leads, as before, to the Coulomb factor (7) . However, the attenuation function due to strong interactions is different:
It is readily seen that in the cases l → ∞ and l → 0, formula (32) gives attenuation functions in the above cases of stable a * and direct conversion a → bc, respectively. Let us now define the place in the amplitude where the decay vertex of a * → bc must make contribution. First of all we notice that since the decay is spontaneous, the contribution of this vertex may appear in any place depending on where the decay occurred. However, it appears necessarily together with the propagator which connects the decay vertex with the vertex of the last elastic scattering of a * , and with the wave functions of the decay products of a * . Since the averaged amplitudes of the elastic scattering are proportional to the unit operator in spin variables and the a * momentum is considered constant everywhere, the block of the above mentioned elements-the propagator a * , the decay vertex and the wave functions-may be formally attributed to the initial vertex where a * was formed, i.e. to the vertex of the conversion a → a * . Simultaneously the wave function of a * at the latter vertex can be formally moved to the place of the above block, see illustration in Fig.2 . The result of the above operation is that in the general formula (5) , in addition to the above-mentioned changes in the attenuation function, one should replace the amplitude f a→a * n by the amplitude f a→a * →bc n of the cascade process aN n → a * N n , a * → bc, where N n is the n-th nucleon of the nucleus.
So, we come to the following amplitude for the coherent process: 
Quasi-virtual particles
If system bc is produced far from the a * mass shell in the cascade process a → a * → bc, then particle a * generating bc must be virtual. This does not necessary mean that a * must initially be virtual. It could be produced real and become latter virtual as a result of transferring a longitudinal momentum to some of the nucleon of the nucleus. Unfortunately, optical analogues do not allow us to understand where this occurs because virtual particles do not propagate as real particles. However, in the leading approximation a * is initially produced real and becomes virtual just before the bc production. To understand why this is the case, we turn to the field-theoretic analysis of the coherent scattering carried out in monograph [15] .
The results of [15] we need are summarized as follows. The scattering of a fast particle off a nonrelativistic "soft" system (nucleus) consisting of A constituents (nucleons) may be represented as a convolution of the product of wave functions of the "soft" system with the sum of the comb-shaped Green functions, see illustration in Fig.3 . In these Green functions, the chord of the comb is made of the propagators of incident particle, and the teeth are the propagators of intermediate particles that couple the incident particle with the constituents of the "soft" system. Among the integration variables in the convolution, one can distinguish the virtualities of the chord propagators. Further, by statement of the problem it is assumed that through the chord there flow large momentum, while through the teeth flow small momentum transfers (small-angle scattering that does not destroy the "soft" system). Under these conditions, each integral over the virtuality can be divided into two parts. In the first part, the contour of integration may be deformed in such a way that only imaginary part of the propagator of the chord, proportional to δ(k 2 j − m 2 ), are essential. Such contributions break down the Green functions into the product of elementary amplitudes. The sum of these contributions form exactly Glauber approximation.
On the other hand, we know that Glauber approximation is the leading one. So the second part of the above integral over the virtuality actually is a correction. For the same reason all other contributions to the Green functions are corrections, as well. The conclusion from this observation is that if the propagators of the chord have nonzero virtuality, then they determine not the leading approximation but a correction. At the level of physical processes, this means that virtual particles, if they are inside the nucleus, receive from the nucleus the necessary longitudinal momenta and become real. Otherwise they determine a correction to the leading approximation.
On this basis, we represent the following picture for the cascade process a → a * → bc, where the tilde means a virtual particle. After multiple elastic scattering, particle a converts in the point z into a * on the mass shell. Then a series of its elastic scattering follows. However in the last scattering, say in the point z 1 , particle a * goes off the mass shell, i.e. becomes virtualã * , and before the next interaction with the nucleons is converted into the system bc which then elastically scatter. Since the last scattering of a * is accompanied by the change in the mass, it should be considered as an inelastic scattering. The generalization of formula (1) to this case, coupled with the reasoning like given in section 4 about the rearrangement of contributions with the decay vertex, see illustration in Fig.4 , leads to the next formula
Hereinafter we neglect instability of a * if this is the case. (The generalization is obvious; one should introduce probability (29) at the a * scattering amplitudes.) The longitudinal momenta in (35) are as follows
where m 2 a * = M 2 bc , the invariant mass squared of the final state bc. The attenuation function is E a,a * ,bc (b, z, z 1 ) =
where T − (b, z) and T + (b, z 1 ) are defined in (10) , and T (b, z, z 1 ) is
The f a→ a * →bc n in (35) is the elementary amplitude of the cascade process, and f a * →a * n is the amplitude of elastic scattering. Formally, both they are off-shell since they have wrong transfers in the t-channel. However, we can mutually replace in them the longitudinal transfers simultaneously with above mentioned rearrangement of contributions in the vertices. The latter operation may be understood as an analytical continuation (actually it means a small shift). The benefit is that we can extract the elementary amplitude from the coherent amplitude and determine the form factor. In fact, if a * is a charged particle then f a * →a * n includes two contributions, one due to strong interactions and the other due to Coulomb interaction. In the former one, in view of the short-range nature of the strong interactions, the integral
In the case of long-range Coulomb interaction, given the amplitude is the Born one, the integral d 2 b ′ dz ′ is reduced to the one-fold integral over the radial variable,
where r 1 = b 2 + z 2 1 , and "i" appears as the Born amplitude is real. In view of this, instead of (35) we arrive at the formula 
Notice that despite the factor α in (40), the absolute values of V c and V s may be comparable because of the factor 4π and the big size of the heavy nucleus. Really, the absolute value of σ ′ is usually about 10 mb or several tens mb, i.e. several fm 2 . At the same time, the value of square brackets in (40) is about ρR 2 , where R is the radius of the nucleus which is roughly estimated as R ≈ A 1/3 fm. From here we get |V c /V s | ≈ 4παA 2/3 , which is estimated as 1.5 if A = 63, the case of Cu.
Turning to K + A → K + π 0 A via K * + with the conversion K + → K * + in the Coulomb field, by combining (41) with the results of section 3 we get
where Φ K + , K * + , K + π 0 c is the Coulomb form factor,
In the case of conversion K + → K * + in the strong field of the nuclear, the appropriate formula for the amplitude is similar to (26) with corresponding changing in the superscripts and with the form factors
In the end of this section we consider another scheme of the process with virtual particles, namely a → b u → bc, see examples in Fig.1c,d . In this scheme after a multiple scattering a spontaneous transition a → bũ occurs with production of real particle b and virtualũ. The latter one scatters off a nucleon at a point z 1 , and becomes real u. Between the spontaneous conversion a → bũ and theũ scattering there are no events. So b starts its elastic scattering at z 1 , as well. After a series of elastic scattering u scatters inelastically in the point z with the production of c, which then elastically scatters until leaves the nucleus.
The generalization of the above formulas for this scenario is obvious. The general formula is given below
The differences with (41) are as follows. First of all, here z > z 1 and the elementary amplitudes are different. In particular, V s in (46) includes σ ′ u instead of σ ′ a * in (41). Secondly, the longitudinal momenta take values
where k u and m u are determined by the kinematics of the process. Thirdly, the attenuation function is different:
Based on these results and acting by analogy, the relevant formulas for processes Fig.1c,d can easily be written. Because of the bulkiness, we do not do this here.
Discussion and conclusion
In this paper we proceeded from the provision about instantaneous formation of the secondary particles. Actually this is a common place adopted in Glauber theory. However, this is a model assumption. In literal sense this is not quite correct since the complete formation of elementary particles takes some time. In particular, when converting a → a * this time in the lab system is of order q −1 z . During this time the formation which then becomes a fully-fledged particle passes a distance as a rule much larger than the size of the nucleus. 4 For instance, q −1 z ≈ 13 fm in the case of formation K * in the K scattering at 18 GeV [16] , while the radius of Cu nucleus is about 4.4 fm. Hence, σ ′ used in the attenuation functions, in fact, does not very well correspond to the total cross section of the relevant particles. The really used σ ′ corresponds rather to the total cross sections of the mentioned above formations. In the strict sense, this effect may be taken into account by introducing probabilities like (29), (30) with the length q −1 z in the modified thickness functions, cf. (33). However, it should be borne in mind that in the case of resonances the mentioned total cross sections were previously measured on the basis of Glauber-type formulas. This fact effectively eliminates the problem. Taking also into account the large value of q −1 z , the assumption about instantaneous formation of secondary particles should not cause much concern.
Turning to the results of this paper, we recall that our goal was to determine the form factors for production off nuclei of the pairs of particles in the case of direct production and in the presence of intermediate unstable and virtual particles. We obtained formulas that had not been given before. In the case of unstable particles that can decay inside the nucleus, the appropriate formulas include the probability of spontaneous decay. In the case of virtual particles we found that they turn into real ones at interacting with nucleus, and become virtual at the very last stage of scattering just before the production in the s-channel of the final-state particles. The description of this process requires an introduction of a "vertex" of additional inelastic scattering through which the longitudinal component of the momentum is transferred. Such a description with the reverse order of events also applies when the virtual particle is produced in the t-or u-channel.
With regard to the particular reaction K + A → K + π 0 A, we obtained required formulas, but we did not make any quantitative estimations since this needs data and this is a separate big task. However we should note that our result about the unstable particles is not of practical significance in this case, especially at 18 GeV K + , since at these energies the decay length of the K * is avout 85 fm. This far exceeds the size of the nucleus and therefore the K * may be considered as a stable particle. However, in the case of other energies and other resonances, the situation may radically change. For instance, in the case of coherent scattering πA → ππA at 2 GeV the decay length of intermediate ρ in the s-channel is about 3.4 fm. This means that the effect of instability of ρ must be taken into consideration when determining the form factor. The same occurs in other reactions with ρ production inside the nucleus, in particular in the case of photoproduction of ρ off nuclei.
In general, our study supplements the description of coherent inelastic scattering off heavy nuclei traced to [12] , and expands the scope of its application. The obtained results can be directly used in the experimental study of the reaction of coherent scattering KA → KπA [16] and in the case of similar reactions. Certain significance is expected in the case of reactions of the type of photoproduction of ρ off nuclei.
